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Off-axis beams and detector clusters: Resolving neutrino parameter degeneracies
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There are three parameter degeneracies inherent in the three-neutrino analysis of long-baseline neutrino
experiments. We develop a systematic method for determining whether or not a set of measurements in
neutrino oscillation appearance experiments with approximately monoenergetic beams can completely resolve
these ambiguities. We then use this method to identify experimental scenarios in which the parameter degen-
eracies may be efficiently resolved. Generally speaking, with two appearance measurements degeneracies can
occur over wide areas of theS(f,3) parameter space; with three measurements they occur along lines in the
parameter space and with four measurements they occur only at isolated points. If two detectors are placed at
the same distance from the source but at different locations with respect to the main axis of théabeam
detector clustgr each detector will measure neutrinos at different energies. Then one run with neutrinos and
one run with antineutrinos will give the four independent measurements that in principle can resolve all of the
parameter degeneracies if @#,,=0.002. We also examine scenarios with detector clusters using only neu-
trino beams. Without detector clusters, the measurement of neutrinos and antineutrinos at a short distance and
only neutrinos at a longer distance may also work.
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[. INTRODUCTION leading oscillation parameters. ICARUS and OPERA should
provide concrete evidence thaj,— v, oscillations are re-
The recent solar neutrino data from the Sudbury Neutrinsponsible for the atmospheric neutrino deficit by identifying
Observatory[1,2], which infers different neutrino fluxes tau neutrino events. These long-baseline experiments, when
from the charged- and neutral-current measurements, praombined with KamLAND, should provide further informa-
vides convincing evidence that electron neutrinos do in faction on all of the parameters in the three-neutrino mixing
change flavor as they travel from the Sun to the Earth. Thenatrix, except for theC P-violating phase §) and possibly
neutral-current measuremeff] is also consistent with the not the mixing angle associated with— v, oscillations in
solar neutrino flux predicted in the standard solar m¢@el  atmospheric and long-baseline experimengss). It will
The preponderance of solar neutrino data increasingly preake a new generation of experiments to provide accurate
fers the large mixing angl&.MA ) solution to the solar neu- measurements of these parameters.
trino puzzle, withém3,~5x10"° eV? and amplitude close Future measurements df;; and & are not completely
to 0.8[2,4,5. This solution will be tested decisively by the straightforward. The parametet;3 cannot be determined
KamLAND reactor neutrino experimef®]. from a singler measurement since the measured oscillation
The atmospheric neutrino deficit also gives a strong indi+ate also depends on the value &f which is not known.
cation that neutrinos have mass and oscillate from one flavgtyen with both av oscillation measurement andvaoscilla-

to another—the most compelling interpretation is thats  tion measurement there are several parameter degeneracies
created in the atmosphere oscillatertowith almost maxi-  that enter the determination of the three-neutrino mixing ma-
mal amplitude and mass-squared differen@n3;~3  trix. These include the ambiguities associated withthe
X102 eV? [7]. The K2K experimen{8] with a baseline of parameters in th&J 3(=sin 013e*i5) element[15-19, (ii)

250 km has preliminary results that are in agreement witlthe sign of the mass-squared difference responsible for the
this interpretation. Oscillations of, to v, as an explanation oscillations of atmospheric neutrino$r3,) [16—20, and

of the atmospheric anomaly are ruled out by the CHQ@Z (i) the primary mixing angle for the oscillation of atmo-
and Palo Verde[10] reactor experiments, which place a spheric neutrinos €,3) [17,19. Each of these ambiguities
bound on thev,,— v, oscillation amplitude smaller than 0.1 can mix CP violating (CPV) and CP conserving CPC)

at the 95% C.L. in theSmg1 region of interest. The MINOS solutions. To resolve the ambiguities requires multiple mea-
[11], ICARUS [12] and OPERA[13] experiments are ex- surements; the usual prescription involves making measure-
pected to come online in 2005 and study aspects of the osnents with different beam energies, baseline lengths, and/or
cillations at the atmospheric scdle4]. The low energy beam beam particles(neutrinos versus antineutrinosA typical

at MINOS will allow a very accurate determination of the scenario requires measurements of neutrinos and antineutri-
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nos, each at two different energigk?], which would entail ~ dressed. In this paper we present some possible scenarios for
four separate runs, each of which would take years to comresolving parameter degeneracies using detector clusters with
plete. off-axis neutrino beams. In particular we examine how well

In this paper we discuss alternate possibilities that capiparameter degeneracies may be resolved with one run of a
talize on the fact that the energy spectrum of a conventionateutrino beam and one run of an antineutrino beam. We also
neutrino beam varies with the angle from the main beam axisliscuss other, more speculative, possibilities involving detec-
[21-23. The off-axis components of a neutrino beam havetor clusters, such as multiple detectors and only neutrino
very narrow spectra for a given off-axis angle. Viewed thisbeams. We compare these results to the ability of more con-
way, a single neutrino beam is actually a continuum of apventional experimental setugwithout detector clusteygo
proximately monoenergetic beams; the energy can be tuna@solve parameter degeneracies.
simply by varying the angle with respect to the main beam The organization of our paper is as follows. In Sec. Il we
axis. This has the advantage that experiments at more tharesent oscillation probability formulas based on a constant
one neutrino energy may be run simultaneously using aensity approximation that works well for the situations that
single beam line, simply by placing detectors at slightly dif-we consider. In Sec. Ill we determine in a general way the
ferent angles from the main axis of the beda detector number and type of measurements that are needed to resolve
cluste). One could also locate one detector on the beam axiparameter degeneracies. Specific detector scenarios are pre-
and another off-axis. Furthermore, the high energy tail ofsented and discussed in Sec. IV. Concluding remarks are
off-axis components of the beam is suppressed, reducing theade in Sec. V.
high-energy contribution to backgrounds. One disadvantage
is that the neutrino flux decreases as the off-axis distance
increases, which may give a practical limit for the choices of
neutrino energies. We work in the three-neutrino scenario. For oscillation

Detailed studies have already been made for off-axistudies, the neutrino mixing matrid can be specified by 3
beams with single detectof49,24,25, but how to resolve mixing angles (3,601,,60,3) and aCP-violating phases.
the parameter ambiguities has not been thoroughly adwe adopt the parametrization

Il. OSCILLATION PROBABILITIES IN MATTER

—is
C1C12 C13512 S13€

U=| —Co3S12— 313523012‘5’i > CoCia— 513523512ei ® CisS , (1)
S23S12— $13C23C1€' o - S23C12— S13C2351€' 0 C13C23

wherecj =cos@) ands;=sing, . For Majorana neutrinos >0.5 GeV, 6,3 not too large, and. <4000 km[17]. Up to
there are two additional phases, but they do not affect oscilsecond order inv and 6,3, the oscillation probabilities for
lations. In the most generdl, the ¢;; are restricted to the 5m§1>0 and 5m§l>0 are

first quadrant, €< 6;;<m/2, with & in the range 8 6<2r.

We assume that; is the neutrino eigenstate that is separated®(V,— ve)

from the other two, and that the sign 63, can be either =[xf+ygd®+9)2
positive or negative, corresponding to the case wherés
either above or below, respectively, the other two mass =X?f?+2xyfg(cosscosA—sindsinA)+y%g?, — (2)

eigenstates. The magnitude &fngl determines the oscilla-
tion length of atmospheric neutrinos, while the magnitude ofP(v,— ve¢)
smj3, determines the oscillation length of solar neutrinos, and | — i(A-5)2
thus | 6m3,|<|6m3,|. If we accept the likely conclusion that =Ixf+yge |

the solar solution is LMA2,4,5, thendm3,>0 and we can =x%F 2+ 2xyfg(cosd cosA +sinSsinA) +y2g2,  (3)
restrict 64, to the rangd 0,77/4]. It is known from reactor

neutrino data thaf, 5 is small, with sif26,,<0.1 at the 95% respectively, where

C.L.[9]. Thus a set of parameters that unambiguously spans

the space issm, (magnitude and sign 6m3,, sirf26;,, X=Sin ,35in 263, (4)

sinfy, and sif26,3; only the 6,3 angle can be below or )

abover/4. Y= a C0SH,3Sin 2045, 5)
To determine oscillation probabilities we use the constant _ . .

density approximation and expand in terms of the small pa- f,f=sin((1=A)A)/(1FA), (6)

rametersf,5 and 6m3, [26,27], which has been shown to

reproduce well the exact oscillation probabilities far, g=sin(AA)/A, )
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A
and P(v,—ve)
A=|5m2 | LI4E = 1.27 6m2/eVA|(L/km)/(E, /GeV), =x?f2—2xyfg(coss cosA +sinssinA) +y?g?, (12
Y B
A=|Alsm3, 9) =x?f2—2xyfg(cossé cosA —sindsinA) +y?g?. (13
a=|8m32,/ sm3. (10) In practice, neutrino beams are not monoenergetic, even

for a narrow band beam or an off-axis component of a beam.
The number of appearance eventsNév,— ve)=[P(v,
—ve)®odE,, whered is the energy-dependent neutrino
flux, o the interaction cross section, afdthe oscillation
probability from Eq.(2). Then for 5m§1>0, N has the ap-
proximate form

In Eq. (9), AI2E, is the amplitude for coherent forward
charged-current, scattering on electrons, with

A=2\2GgN.E,=1.52x10"* eV?Y,p (g/cn?)E (GeV),
(12) N(v,—ve) =A1X?+AX COSS+AgXSind+A,, (14)

andN, is the electron number density, which is the productW/here

of the electron fractiotY (x) and matter densitg(x). In the

Earth’s crust and mantle the average matter density is typi- Al:J f2bo dE,,

cally 3—5 g/cni and Y,=0.5. In all of our calculations we

use the averagél, along the neutrino path, assuming the

Preliminary Reference Earth Mode28]. AZ:J 2yfgcosAdodE,,
The coefficientsf and f differ due to matter effects

#0). The values of,f, andg (scaled byJE,/L to account

for the dependence of neutrino cross section with energy and Az=— f 2yfgsinAd®odE,,

the flux with distancgare shown versua in Fig. 1 for L

=300 km (JHF to Kamioka, 730 km (Fermilab to Soudan

or CERN to Gran Sas$01290 km(Fermilab to Homestake A= f y?g?® o dE, . (15)

1770 km(Fermilab to Carlsbagd and 2900 km(Fermilab to

SLAC); the scaling factor is chosen this way since the OSC'I'There are similar expressions fa(jﬂﬁje), and forém%l

lation probabilities are quadratic functions foff, andg. <0. In all cases, whether one is describing the number of
To obtain the probabilities fosm3,<0, the transforma- events at a single energy or total events integrated over an

tionsA— —A, y——y andA——A (implying f——f and  energy spectrum, the result can be written approximately as a

g— —g) can be applied to the probabilities in Eq48) and  linear combination ofx?, x coss, and xsiné. In fact the

(3) to give probability for constant density can be written A0S6
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+Bsin+C without any approximatioi29]. It is this ge- <0, so that they do not intersect, removing the simg,)

neric property that we exploit in this paper, so many of theambiguity[16,17_|. However, measuringF(,E) at a singleL

qualitative aspects of our analysis should hold for neutring,,qg  will still leave a (6,7— &) ambiguity, and may have
beams that are not monoenergetic if only the total number of 0,5 ambiguity if 6,57 /4 (with a possible associated

events is being used. CPV-CPC confusion, so that additional measurements are
needed to completely determine the parameters and resolve
all of the ambiguities.

ll. DETERMINING THE OSCILLATION PARAMETERS The arguments above can be generalized to showathat
two measurements of neutrino and/or antineutrino appear-
ance probabilities, even if they are not at the sanaadE,,

It is expected thavm3, and sif26,5 will be well mea-  are subject to the same degeneracy problem. Each of the
sured inv, survival experiments; if the solar solution is neutrino or antineutrino probabilities in an appearance ex-
LMA, as it now seems to bg2,4,5], then 6m§1 and sif26;,  periment[e.g., Eqs.(2) and (3), or Egs.(12) and (13)] is a
will be well determined by KamLAND[6]. Thus it is the linear combination of the parameter§ x coss, andx siné.
parameters);3 and & that will be primarily measured in ap- The coefficients of these parameters involyé, g, andA,
pearance experiments, modulo uncertainties in the other pgyhich depend only o, E,,, smZ,, andy. It is not hard to

ran,&e;?rrlsle measurement is not sufficient to determi show that for two such measurementsadnd/orP, if 013is
9 the fixed and § is varied, an ellipse is traced out in the two-

since the oscillation probability depgnds on batf and 5 dimensional probability space. Ellipses with somewhat dif-
e e et efent valles o Wil vera, o tha tere s vy a
13 y 9 (6,0,3) ambiguity for any two appearance measurements.
°r?'¥ one measu.remerljﬂ]. The usual approa@ for dster- The only exception is the special situation where the ellipse
mining 6,3 and 6 is a measurement of bothandP atonel.  ¢qjiapses to a straight line, in which case lines for different
andE, . Thené,;3andé can be determined from Eq@) and ¢ no longer overlap, but there is still an ambiguity involv-
(3). Unfortunately, there are usually two solutions with dis- ing & since the two halves of the collapsed ellipse then over-
tinct 0,5 and § [the well-known (§, 6,3) ambiguity[15-19]. lap [e.., the §,7—&8) ambiguity for ®,P) when A
The existence of this ambiguity can be understood as fol- 77/2].. éimilarly,’there is a3 ambiguity if '0237& 14, and

lows. If 6,3 is held fixed, then a¥ is varied an ellipse is there may be a Sgﬁ(ngl) ambiguity if the matter effect is

:jratced 0 ut dian}E) spaﬁle;t_the eccen;r;(;ig;fzct]heEﬁ_llipse is not large enough to separate the ellipses a’m§1>0 and
etermined by the oscifiation argum <H. EIpSes sm3,<0. Thus two measurements wilwayshave an am-

for two different values o#,5 can intersect, so that a single . - : ) .
o = ) ) biguity involving & (which may or may not also involvé, s,
point in (P,P) space can be obtained by two different sets Ofdepending on the value of the oscillation argumajt and

parameters &, 613). For a given P,P) there are also often may also have ambiguities involving sgim(3,) and 6,s.
two solutions forsm3;<0 from Egs.(12) and(13) [the sgn  Ambiguities involving sgném2;) and 6,5 will have a
(dm5y) ambiguityl. Furthermore, since only it is  CPV-CPC confusion; the ambiguity that involves alone
known from atmospheric neutrino experimen(sr from will have aCPV-CPC confusion unlesd = n/2.
measuringy,, surviva), if 6,37 m/4, each solution discussed ~ We emphasize that the degeneracies discussed here are
above also has two possible valueségt (each with a dif-  exact, i.e., there are different sets of parameters that give
ferent 0,3 and 6), one with 6,;<w/4 and one with6#,; identical predictions. Thus these ambiguities are present
>ml4 [the (6,3, 7/2— 6,3) ambiguityl. Thus, in general, even in the limit of no experimental uncertainties. When
there can be as much as an eightfold degeneracy of solutiogsich uncertainties are taken into account, nearly degenerate
from a measurement & andP at onel and E, [17], which  solutions may also be indistinguishable, which would require
has already required two experimental rgase with neutri- ~ further (or improved measurements. Therefore the condi-
nos and one with antineutrinosFurther measurements at tions needed to remove the exact degeneracies are necessary
different oscillation argumentA are needed to eliminate all but not sufficient for removing degeneracies in an actual ex-
of the ambiguities, requiring additional runs. periment. Furthermore, parameter degeneracies occur nearly
A judicious choice of theL andE, can help reduce the everywhere in the & 6,5 plane, since in most cases any
effect of the ambiguities. For example, th& ¢,3) ambiguity ~ given ellipse (for fixed 6,3 overlaps an adjacent ellipse
can be reduced to aj(w— &) ambiguity by choosind./E,  (with different 6,5).
=(2n—1)(410 km/GeV)(3 10 % eV?)/|6m3,/, where n
is an integefwhich impliesA=(n— %)77’ the approximate B. Parameter degeneracies with three measurements
location of the appearance oscillation pgakhe parameter Since two measurements will generally have parameter
615 is removed from the ambiguityand therefore in prin-  jegeneracies, the natural question is whether a third mea-
ciple determinegisince the ellipse inR,P) space collapses surement is sufficient to remove all of them. To extend the
to a line and the lines for differem; 3 no longer intersect degeneracy analysis to more than two appearance measure-
[16—18. Furthermore, ifL is sufficiently large, the large ments, what is needed is a straightforward and systematic
matter effects separate the ellipses m3,>0 and ém3,  method for determining whether or not a given set of such

A. Parameter degeneracies with two measurements

053007-4



OFF-AXIS BEAMS AND DETECTOR CLUSTERS .. PHYSICAL REVIEW D 66, 053007 (2002

TABLE I. Four classes of degenerate solutions which could po-obey Eq.(16), so that degeneracy may remain even after

tentially remain after three appearance measurements. three measurements; the valuesdoénd 6,5 for which de-
generate solutions still exist form lines in thé, §,3) plane.

Case sgn(sm3,) 023 It is easy to understand why this is so: with two measure-

| + <ald ments, most points in thes(#,3) plane have degeneracies,

r B S but the condition in Eg(16) imposes an _additi(_)nal constraint

i N N so that for three measurements the dimension of fche degen-

v B ~ m/a erate space is reduced from tWihe plane to one(lines).

Since the forms oP andP are the saméi.e., a linear com-
bination ofx?, x cosd, andx sin 8), any combination of three

measurements resolves all of the degeneracies over the entff@utrino and/or antineutrino appearance measurements will
region of interest in the parametefsand 6;5. The method Yield lines in (5,6,5) space where the fake degenerate solu-
we present here uses the approximate expressions for th@ns are not eliminated by three measurements.
probabi”ties given in Sec. |Il. For eXample, COHSIdeI’ neutrino measurements madie at
We begin by analyzing the case of three appearance mea 730 km ande,=2.66, 1.77, and 1.34 Ge\A(=7/3, /2,
surements. From the approximate probability expressions wand 2m/3, respectively, Fig. 2a shows the lines ind( 6,5)
have three linear equations involving, x coss, andx sin é. space where a fake solution remains degenerate with the true
As long as the three equations are linearly independerfiolution (taken to be case | in the figyreFigure 2b shows
(which can be realized if no two measurements simultaSimilar curves forL =730 km andE,=3.54, 1.77, and
neously have the sante E,, and type of neutrinothese are  0.89 GeV A= 7/4, 7/2, and, respectively. In Fig. 2 we
easily solved, giving a unique solution feands. However, —assume
in principle four possible solutions may still exist, corre-
sponding to the sgim3;) and 6,5 ambiguities(see Table); |6m3|=3x 1072 eV?, sirf26,5=0.90,
each such solution gives identical predictions for the three
robabilities being measured, but can have different values _ .
o 6on aNI0T 5 g Sm2,=5x1075eV?,  sirf20;,=0.80,
To determine if the remaining degeneracies have been re- (17)
solved by the third measurement, we use the fact that the o o
variablesx?, x coss, andx sin 8 are not independent, and in Which allows the possibility of #,3; ambiguity as well as the

the “true” solution theymustobey the relation (8,6, and sgnpm3,) ambiguities; this will be the standard
5 ) o parameter set used in this paper unless stated otherwise. The
X“=(X €0sd)“+(xsins)~. (16 key to determining if three measurements are sufficient to

remove degeneracies in a particular experiment is whether or
The question is then whether the “fake” solutions can alsonot the experiment is sensitive to the valueséoand 6,5
satisfy the constraint in Eq.16). We have found that for where the lines of degeneracies occur. We see that in the two
many values of and#,3, the fake solutions do not obey Eq. examples in Fig. 2, degeneracies remain for a wide range of
(16) (thus removing the degeneracidowever, for some par- & when sif26,5>0.01. Thus either of these two sets of mea-
ticular values ofs and 6,5 there exist fake solutions that also surements are not sufficient to ensure there are no degenera-

2r

L | T LI R B L 2r

lvs. Il —
lvs. Il ------- E
lvs. IV e

w2 - - 32 | e =

0.001 0.01 0.1
Sin22913 Sin22913

FIG. 2. Lines in (siR26,3,6) space for case | where three neutrino measurements are not sufficient to eliminate the ambiguity between
I and Il (solid curves, | and Ill (dasheg, and | and 1V(dotted, assuming-= 730 km and that the other parameters have the values given
in Eq. (17). The values oE, are chosen so that the oscillation arguments(@réd = /3, #/2, and 27/3, (E,=2.66, 1.77 and 1.33 GeV,
respectively, and(b) A==/4, w/2, andw (E,=3.54, 1.77 and 0.89 GeV, respectively
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2n ™ T T T 2n
(@) lvs. Il
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(b) lvs. 1l (c}lvs. IV

3ni2 R - B 3n2 - B

n2 [

D AT L
0.01 0.01 0.1
§in%20,5 sin®26, sin®26,5

FIG. 3. Lines in (sif26,3,8) space for case | where subgroups of three neutrino measurements are not sufficient to eliminate the
parameter degeneracies betwéan and Il, (b) | and I, and(c) | and 1V, assumind.= 730 km and that the other parameters are the same
as in Eq.(17). The values oE, for the four measurements are chosen so that the oscillation argumendts-arés, /3, =/2, and 27/3
(E,=5.31, 2.66, 1.77 and 1.33 GeV, respectiyelgnd the four subgroups are labeled as follo&s=5.31 GeV omitted(solid), E,
=2.66 GeV omitteddashegl E,=1.77 GeV omitteddotted, andE,=1.33 GeV omitteddash-dotted

cies in the next generation of long-baseline neutrino experibe assured of resolving the parameter degeneracies, these
ments, which should be sensitive down to’8ifj;=0.01 or  degenerate points must lie at &#,; below the experimen-
below[19,22,24,30 tally accessible region.

We note that to determine the parameter degeneracies be-
tween, say, case | and case Il with more than two measure-
ments using a purely numerical approach, for each point in

When three measurements are not sufficient to completelys ¢. .y space for case I, one would have to search the entire
resolve the _degenerames, a fourth measurement must Qg’ 015 space for case Il to check for an identical set of
made. A straightforward way to determine whether or not theprobabilities. With our analytic approach, one need only
fourth measurement has removed the remaining degeneracigsarch the parameter space once, since the existence of pa-
is as follows. Take all possible combinations of three mearameter degeneracies is determined algebraically.
surements within the fouithere are four such combinations  Eigyre 4a shows some typical parameter degeneracies be-

and perform the above analysis on each combination of thregyeen cases | and Il if only one measurement is madesfor
measurements. Each three-measurement subgroup may have, —

) : : and v at L=300 km andA= /2 (corresponding toE,
values of§ and 6,5 for which degeneracies remaiif not, - . N

) 2~ =0.73 GeV), assuming the same oscillation parameters as
then that subgroup alone is sufficient to remove the dege

eracies, and a fourth measurement is not needethe de- rtq' (17) except 5= /4. We note that these degeneracies

generate lines in{, 6,3 space for the four subgroups do not can mixCPVandCPC solutions, especially wheéy s is not

intersect at a common point, then in principle the four mea-sma”; for some sets of parameteGPC can give identical

surements have resolved all the degeneracies; if not, '[he_rl‘:fSUItS to max'm"’T'_CPV with the opposite sgrims,). To .
some degeneracies remain. illustrate how additional measurements reduce the possibili-

For example, in the three measurements used to obtaﬁjwes for degeneracies, Fig. 4b shows the parameter regions in
Fig. 2a there were degeneracies for a rangesoivhen case | that have degeneracy with case I, for two, three, and
sin2.2013>0 01. After a fourth measurement with four measurements; the degenerate space is reduced from an

—730 km ancE,=5.31 GeV (A = /6) is added to the mea- area to lines to points. The corresponding degenerate param-

surements used in Fig. 2a, the lines of degeneracy for thgters for.c'?‘se Il in Fig. 4b occur at 'the sarg \.N'th 5

four subgroups of three measurements are shown in Fig. 3. 9= 7 it is not hard to show that this symmetrical situa-

There is a point near sifg;;=0.0085 ands=0.197 where tion is an artifact of choosing the same energlzfoand v,

the lines of degeneracy all intersect when comparing | anénd would not necessarily be true if theand v energies

IV, so that these two cases remain degenerate after these fowere different.

measurementgsee Fig. 3¢ Furthermore, there is also a  In summary, two measurements necessarily have param-

point near sif26,5,=0.0015 ands=0.497 where the four eter degeneracies over a broad range®¥{;) space; add-

lines nearly intersect at the same point when comparing | anthg a third measurement reduces the degeneracy to lines in

I, so that these two cases would be degenerate once expetire parameter space, and adding a fourth measurement re-

mental uncertainties are considered. duces it further to isolated points. This behavior is to be
It is not hard to understand why some degenerate pointexpected since each additional measurement adds one more

remain in (8, 0,3) space after four measurements. The fourthconstraint, which has the effect of reducing the dimension of

data point adds one additional constraint on the parameterthe degenerate subspace by one. Adding a fifth measurement

which then reduces the dimension of the space that is degemith a linearly independent combination ®f, x cosé and

erate from ondlines) to zero(points. For an experiment to  x siné should then remove the degeneracy completely for all

C. Parameter degeneracies with four measurements
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2r RT3 ---I-I T T T T T 2n  p== L L) LRI
(@ (b)
3n2|- J - 3n2|- -
Casel o
w g | Casell x 4 w 1 } _

T ] s

R A

M | Ll L adanl T TR | PRI
%.0001 " 0.001 0.01 0.1 1 %0007 0.001 0.01 0.1 1
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FIG. 4. (a) Sample points in §, 6,3) space that have parameter degeneracies between odme®e$ and Il (crossey defined in Table
I, after v andv measurements &t=300 km andA = /2 (corresponding t& ,=0.73 GeV), assuming the other parameters are the same as
in Eq. (17), except ford,,= m/4. The sets of parameters that are degenerate with each other are linked by a line. For each pair of linked
points there is another pair with— 7— & (not shown. (b) Region in case | parameter space that has degeneracies with case (il) dffter
two measurements if@) (area between the solid curyeéi) an additionalv measurement dt=300 km andA = 77/3 (along dashed curvigs
and(iii) a final » measurement at=300 km andA = 7/3 (boxes. The corresponding regions for case Il are found by taldrgs+ =. We
note that after only the first two measurements there is als§)a- §) ambiguity everywhere in the plane, which is removed by the third
measurement.

values ofs and 6,5. For example, in Fig. 3, if a fifth mea- and it may be impossible to establi€PV from » and v
surement at =730 km is made at, sap=57/6, then N0 measurements at a singleandE,. The simplest way one

point in the parameter space remains degenerate. Of coursgy|d imagine obtaining another set of independent measure-

racticall king, | han five m rements m . — —
practically speaking, less tha € measurements may br%ents is to measure, — v and/orv,— v, at the samé but

sufficient to eliminate the possibility of parameter degenera- . . ) . :
cies in any given experiment if the degeneracies occur in é{v'th different E, ; the detector and beamline remain the

region of parameter space in which the experiment is nopaMe. and only the beam energy and/or primary particle in
sensitive. In the next section we explore some specific casdbe beam ¢, or v,) would need to be changed from one run

with less than five measurements. to the next. With a single detector this would take four sepa-
rate runs. However, with two detectors at different locations

IV. DETECTOR SCENARIOS FOR RESOLVING with respect to the beam axiso that each receives neutrinos
PARAMETER DEGENERACIES of different energy these four measurements could be taken

d/yith only two runs(one with v and one With;).

In the previous section we presented a general method f . h h C here d
determining if a set of more than two measurements are suf- F19ureé 5 shows the points in5(6,3) space where degen-

ficient to remove all of the parameter degeneracies. In thi§'acies remain due to the sging3;) and 6,3 ambiguities
section we discuss specific detector scenarios using th@fter measurements at two energies for both neutrinos and
method. We emphasize scenarios where at least some of thatineutrinos, assuming thatenergies are the same as the
measurements can be made at the sarbet differentE,,, energies and that the measurements are all made at approxi-
since these are well suited to off-axis beabere different mately the samé, for different choices of.. We examined
energies can be obtained by having a detector at differerdcenarios where one energy was chosen so Ahat /2,
locations with respect to the beam gxi§ a detector cluster and the second energy was chosen so that 7/6, m/4,

could be used, the time required to make all of the necessary/3, 27/3, or 7; some representative examples are shown in
measurements could be reduced. We also compare the detege figure. We chosé,= 7/2 because the probabilities are
tor cluster scenarios to scenarios in which a detector clustghrge there(seef and T in Fig. 1), the coss term in the

is not used. probabilities vanisheéthereby isolating the sifi term), and
the survival channet,— v, is near an oscillation minimum.
All possible degeneracies are included in Figed., | vs I,

Ilvs 1, | vs lll, etc., where the first case is the true solujion
The standard means for the study ©P violation is to  and different types of degeneracies are not distinguished. In
measure botlv,— v, andv,— v, at the samé andE,. As  all cases there are some points in the parameter space where

we have seen, there could be as much as an eightfold degetlegeneracies are still possible. We found thatif /2, the

eracy in the parameters with just these two measurementdegeneracies tended to be at smaller value8g,gthan for

A. Two » and two;measurements at ondb
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FIG. 5. Points in (sif26,3,5) space where twa and two » measurements are not sufficient to eliminate all of the parameter
degeneracies, for several valued ofissuming the other parameters are the same as ifLBgln each case measurements are assumed to
be made at two energies such that /2 and(a) A=#/3, (b) A=27/3, and(c) A= .

A,>7/2; the probabilities are also higher theéseef andf

in Fig. 1).

off with increasing off-axis anglésee Eqgs. 1 and 2 of Ref.
[23]); after eliminating the angular dependence one obtaind?

for the energy dependence of the flux

docE2,

so that® = A ~2 for measurements at the sameTherefore if
two off-axis measurements had very differéntvalues, one

points that exhibit the symmetry property do not occur be-

tween two cases that are degenerate with each other, so there
For off-axis beams, both the neutrino flux and energy falliS Still a CPC-CPV confusion for these degeneracies.

The values ofs at which degeneracies occur in Fig. 5 are
sensitive to the assumed values &3, and sif26;,.

However, we found that the values 6f; at which degenera-
cies occur vary approximately as

(18

would have a much reduced flux compared to the other.
Hence it may be preferable if the ratio between the two val-
ues ofA is not too large, since then the fluxes would be more

equal. For example, withh ;= 7/2, A,=w/4 and w/3 give
very similar parameter degeneracies, but choodipg 7/3
would make the fluxes of the two measurements closer; eve
then, the ratio of the fluxes would be 4:9. Of course, the

ties are taken into account.

Similar to the discussion of Fig. 4b, since theenergies
are the same as theenergies, the degenerate points in Fig.
5 come in symmetrical pairs, each with the safhgand
differing by 7. It can be shown that the degenerate param-
eters for case (lll) when it is degenerate with case(IV)
exhibit this symmetry property with the parameters for I
(IV) when it is degenerate with(lll ). Therefore for degen-
eracies between | and Il, or between Ill and WPC and
CPYV solutions are not mixed, sinc& and 6+ 7 are either
both CPC or CPV [although of course sgl«‘i(ngl) is not
determined On the other hand, the symmetry also exists
between the parameters for | when it is degenerate with \Ya
(') and the parameters for Il when it is degenerate with [11P€rl
(IV), and between the parameters for (M) when it is
degenerate with | and the parameters for(IW) when it is

sin220‘1’§ge”:(sin220‘l’§ge’)o(

sirf26
% 12
0.80

5X107° eV?

|

(19

where the degenerate parameter is {&#E9®"), when
om3,=5x10° eV? and sirf26;,=0.80. Thus the values of
913 at which degeneracies occur is somewhat sensitive to
detector further off axis could be made larger to help equal—smzz‘912 (wh|ch.\(ar|es fr‘;m 0'6.7 to 0'92 at therZeveJ5[4])
ize the event rate. The detectors should not be too close f"d VETy sensitive t@ms;, (which varies from 3<10"° to
off-axis angle, either, since then tdevalues would be very
similar and the expressions for the probabilities would n

longer be linearly independent after experimental uncertain

2x10 % eV? at the 2 level [4]). We also found that a
gvariation in om2, of 10% (the expected precision of MINOS,
[CARUS, and OPERA caused sif26;; of the degenerate

points to vary by 30% or less; smallém%l moved the de-

generacies to higher ¥, 5; the largest variations occurred
at lower sif26,5. The corresponding variation i@ was
much less, of order a few percent.
In Fig. 5, all of the examples at shorterhave degenera-
cies for sif26,3=0.01 or larger, which is within the ex-
pected range of future long-baseline experiments with super-
beams. However, dt=300 km withA = 7, the degeneracy
for larger 6,5 occurs for siR26,5>0.1 (around 0.13 above

the current upper bound. The only degeneracies with
Sinf26,3,<0.1 in theL =300 km case occur at much smaller
613 (Sinf26,3=0.0013; see Fig. 5¢just below the region
ccessible at thed3level in the SuperJHF to Hyper-K ex-
ment[22]. Thus v and v measurements with botA
=/2 and 7 at L=300 km do not have degeneracy prob-
lems over the entire search region. However, the valugf of

degenerate with II; in all of these situations, the degeneratand |f_| are significantly smaller foA =7 (by more than a
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FIG. 6. Regions in (sf#26,53,8) space where twa and two v measurements dt=300 km with A=7/2 and A=#/3 still have
approximate parameter degeneracies, assuming the other parameters are the same(4%)irT&e.three degeneracies shown &l vs
Il (Iis the true solution and Il is the false solutjorib) Il vs 1V, and (c) Ill vs Il. The condition defining the approximate region is given
in the text. Exact parameter degeneracies are indicated with pluses.

factor of 10 compared ta = m/2; see Fig. 1 so that the proximately half as large, andbeam fluxes are less. Thus to
probabilities are also significantly smaller there, leading toychieve comparable statistics the running time for an an-
significantly reduced statistics that will limit the $8%15 tineutrino measurement must be more than twice as long as a
reach of such an e)2<per|ment. Furthermore, for slightlysimiar neutrino measuremefapart from the possible en-
smaller values ofémy, or sirf26;, the degeneracy at pancement of antineutrino oscillation probabilities at ldng
S'”22013: 0.13 will be pushed below 0.10, into the searchit sm2 <0). If it were possible to remove the degeneracies
region. , o _ with neutrino measurements alone, the total time to complete
Since the matter effect increases with increasingnd )| of the necessary measurements would be substantially
013, one would expe<2:t that at largerdegenerate solutions gy ced. With a single detector, this would require more than
with opposite sgnfms;) can be differentiated for smaller 0 separate runésince, as we have shown, any two mea-
values offy3. This property is evident in Fig. 5; e.g., for  syrements alone will have degeneragiesmch at a different
=2900 km degeneracies occur only at 8#l; E, . With two detectors at different locations with respect to
<0.002-0.003. If such an eXperiment were sensitive Only tqhe beam axiS, 0n|y two runs would give four independent
sin26,5 above this value, it would not have a degeneracymeasurements, and only the on-axis beam energy or the de-
problem. The sif26;5 sensitivity depends on the total flux tector off-axis angles would have to be changed between
(which varies withL and off-axis anglg so a detailed calcu- runs (although the latter might prove to be unfeasjblén-
lation must be made to determine the existence of degenerather interesting possibility is to have a four-detector cluster,
cies in any given experimental situation. so that only a single neutrino run would be needed to elimi-
There may also be approximate degeneracies that cannghte all degeneracies. Although this many detectors might
be differentiated due to statistical and systematic uncertainseem to be economically unfeasible, the running time is
ties. Here, too, one also needs to include details of a particlshorter and the beam would not have to be reconfigured,
lar experimental situation to determine if approximate degenwhich would offset increased detector costs. In this section
eracies are a problem; such an analysis is beyond the scopg examine the ability of four runs to resolve degenera-
of this paper. However, to give an indication of the effect of gjes.
approximate degeneracies, in Fig. 6 we show regions in |n Fig. 7 we show the points in thes(6,3) plane that
(6,019 space where the differences betweenc@ss)®  have degeneracy with four neutrino measurements at the
+(xsing)® and x* for the false solution, when added in samelL, for several choices of. We see that in all cases
quadrature, are less than 10%. We see that in Figs. 6a and @kere are points in the parameter space that have degenera-
the approximate regions extend to *@i6h; that are nearly cies even after four measurements are taken. Similar to the

cies in the region shown, but approximate degeneracies eX; ff hich hel istinauish
. e . F
tend to sik26,; as large as 0.007. Therefore it is clear that arger matter effect, which helps distinguis Sé'mél) or

: . ; . L=2900 km, in the best cases we found that the largest
approximate degeneracies will occur at somewhat higher SirP26,, with a degeneracy is 0.004-0.006. A comparison of
than the exact degeneracies. 13 : i

Figs. 5 and 7 shows that twe and twor measurements at
the sameL generally has degeneracies occurring at lower

_ _ Sinf26,5 than fourv measurements at one
Antineutrino measurements have two drawbacks com- For a small off-axis angl®, the neutrino energy is given

pared to neutrino measurements: theross section is ap- approximately by 23]

B. Four » measurements at ond.
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FIG. 7. Points in (sif26,3,5) space where four measurements are not sufficient to eliminate all of the parameter degeneracies, for
several values of, assuming the other parameters are the same as ifLBq.In each case measurements are made at four energies such
that (@) A= /4, w/3, w/2, and 3r7/4, (b) A=w/6, w/3, w/2, and 27/3, and(c) A= =/6, /3, w/2, and.

0.4%F would have to be made to see if the improved resolution of
Eyzm, (20 degzenerames at longdr can overcome the rate loss if
om3,<0.

whereE . is the pion energy in the lab frame and, is the
pion mass. Four different measurements can be made simul- C. Measurements at more than one
taneously if four detectors are placed at different off-axis |n the previous examples all of the detectors were as-
angles, and it is always possible to cho&seand the angles sumed to be at the same distance. As we have seen, measure-
to select any desired combination&f. This is not the case ments at longet. push the degeneracies to lower i .
if only two detectors are used and two runs are made wittHere we consider having twe measurements made at one
differentE ; (assuming the detectors stay at the same off-axiglistance(simultaneously with a detector clustemd a third
angles in both runs From Eq.(20), the condition that a set , measurement at another distance. We examine two possi-
of four A; can be obtained in a two-detector, two-run sce-hilities: one with the detector cluster at the shorter distance,
nario is the other with the detector cluster at the longer distance.
In all cases we assume the first measurement is made with
A1(As=A1)=A5(A3—Ay), (2)  av beam at.;=300 km andA = /2 (the approximate val-
ues for the proposed JHF to Super-K experimetit the
whereA,>A3;>A,>A;. In practice, Eq(21) is not hard to  second » measurement is also dt,=300 km with A,
satisfy, especially ifA, is not too small and the difference #A,, and a thirdv measurement dt;>L,, we found that
betweenA; and A, is not too large. All of our examples in the degeneracies are less sev@m®, they occur at smaller
Fig. 7 can be obtained in two runs with two detectors. Sinf26,5) whenA;=A,</2; some of the better examples
One drawback of making only neutrino measurements isve found are shown in Table Il. For the longer distance we
that this is not a direct measurement®PV (such as would used thel values considered in Fig. 7, plus 2100 knomi-
be the case of having bothand v measurementsFurther-  nally JHF to Beijing. Having A,<7/2 and Az= /2 also
more, if 5Sm2,<0, then all of the measurements would havegave good results. In the cases we tested with the second and
a suppression due to matter effects, especially at lohgar ~ third » measurements both at londerthe best results were
detailed calculation including experimental uncertainties2chieved if one of the measurements at the longer distance
had A=/2; some of the better examples we found are
TABLE Il. Maximum sirP26;5 that has a degeneracy when the Shown in Table III.

first v measurement is made lat=300 km andA ;= /2, a second . L
atL,=300 km withA,#A, , and a third al.s>L,, for different TABLE Ill. Maximum sin“26,5 that has a degeneracy when the

choices of the second and third measurements. The other neutrifSt ¥ measurement is made lag=300 km andA, = #/2, and two
parameters are the same as in Ed). other v measurements are made bBy=L;>L,, for different

choices of A for the second and third measurements. The other
Ls neutrino parameters are the same as in (E@.

Ay(v) Ag(v) 730 km 1290 km 1770 km 2100 km 2900 km

L2:L3
w4 w4 0012 0013  .0013  .0013  .0013 A,(r) Ag(») 730 km 1290 km 1770 km 2100 km 2900 km
w2 .0028 .0033 .0038 .0042 .0060

2 wl4  .0027 .0030 .0033 .0038 .0047
/3 7/3  .0011 .0012 .0012 .0013 .0013 #/2 7/3  .0021 .0022 .0025 .0027 .0035
/2 .0021 .0025 .0030 .0034 .0047 w2 27/3  .0030 .0042 .0067 .0094 .032
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In both Tables Il and Ill, experimentdl and E, choices TABLE IV. Maximum sif26;5 that has a degeneracy when
can be made such that degeneracies occur only #&@in and v measurements are made laj=L,=300 km andA;=A,
=0.003 or lesgassuming standard values for 4#f,, and  =7/2 and anotherr measurement is made &at>300 km, for

5m§2). Thus, although there are only three measurementdlifferent choi(_:es ol ; andA;. The other neutrino parameters are
with appropriate choices afandA, degeneracies are less of the same as in Eq17).

a problem(i.e., they occur at smallef;3) than for the sce- L,

narios where all measurements are done at the san@f

course, for only three measurements the regions where dé-?’(") 730 km 1290 km 1770 km 2100 km 2900 km
generacies occur are lines id,0,3) space, rather than iso- /3 089 018 .008 .006 .004
lated points, so they are more likely to occur in experiment /3 035 010 016 025 071
with sin?26, 5 sensitivity of order 0.003 or less. Furthermore,
as with the scenario with four measurements at ore a
determination ofCPV is indirect (depending on the three-
neutrino parametrizationand probabilities would be sup- V. SUMMARY AND DISCUSSION
pressed ifsm3,<0.

We summarize the important points of our paper as fol-
_ _ lows.
D. Scenarios without a detector cluster (i) For any two appearance measurements there may be as

All of our previous examples included some measureinuch as an eightfold parameter degeneraespulting from
ments at more than one energy, but at the samehich is  Simultaneous §, 6,5), sgn(m3;) and (63, /2~ 6,5) ambi-
particularly suited to detector cluster experiments. Here wa@uities| for most points in the §, 6,5 plane. Making a third
examine scenarios which do not use a detector cluster. ~ appearance measurement resolves the,) ambiguity and

First we consider & and » measurement at one and  reduces the regions where the remaining degeneracies occur

E,, and anothew measurement at the sarheand different [0 lin€s in (5,63 space. Making a fourth appearance mea-
E  This is similar to the case of two and twop measure- surement reduces these degeneracies to isolated points in the

ments all at the samk discussed in Sec. IV A, except that (8,6:3) plane; a fifth measurement then in principle removes

h o AR d th all remaining degeneracies.

B ooy, 1) o and oy measuremens st he satoean be

Since there are onl threg measurements. the ara?net.er ade so that parameter degeneracies only occur at isolated
y ’ P in  (5,6,9 space at sA#26,3,<0.01-0.02

generacies are lines ind(#,3) space. We examined cases points - In = )
wherev and v measurements were done/st /2 and an- (0.002-0.003) fol. =300 (2900) km. If thev energies are

the same as the energies, there will be n€ PC-CPV
otherv measurement was done &t 7/6, /4, w3, 27/3, . o .
3m/4, or w, for L=300, 730, 1290 1770, 2100, or confusion for degeneracies between cases | afakfined in

2 .
2900 km. We found that foL <1290 km, in the best cases Table ), or between cases Il and IV, although sgnt,) is

degeneracies can occur for &, as high as 0.010.10 for not determined. This scenario could be completed in two
13 . .

L =300 km). For the best cases with=1770 km degenera- Uns(one with av beam and one with & beam with two
cies can occur for sf26;5 as high as 0.005-0.008, which is detectors at different positions with respect to the beam axis
a factor of two or more higher than for twe and two v (a two-detector clustpr
_ g _ — Y (iii ) Four » measurements at the samean be made so

energies at the same Thus making a second measure-  that parameter degeneracies only occur at isolated points in
ment not only reduces the set of degenerate points from I|ne(s5, 9,) space at sf26,,<0.04 (0.004) for L
tonzpomts, but it also pushes the degeneracies to loweL 300 (2900) km. Such a scenario could be implemented in
Sinf26;5.

Next we consider a and v measurement at onie and

E,, and anothew measurement at a differebt The neu TABLE V. Maximum sirf20;5 that has a degeneracy when-a
- measurement is made Bt =300 km andA;==/2, andv and v

trino energies for the twoe> measurements may or may not measurements are madelat=L;>300 km, for different choices

be the same. We examine two possibilities, whereitheea-  of the second and third measurements. The other neutrino param-
surement is done at either the shorter or lorigdn all cases  eters are the same as in E@7).

we assume the first measurement is made withkeeam at
L;=300 km andA ;= #/2. If the v measurement is also at Lo=Lj

L,=300 km with A,=m/2, and av measurement at; A (¥) A;(») 730 km 1290 km 1770 km 2100 km 2900 km
>300 km, we found that foA;=7/3 (A3=27/3) the de-
generacies are less severe at largetermediatg L; see

Table IV. Another possibility is to have the measurement

/3 /2 .050 .014 .005 .006 .010
273 /2 .038 .010 .016 .022 .067

done at the longek. Typical results are shown in Table V. #/4 wld .056 .013 .007 .005 .008
Generally speaking the measurements in Tables IV and /3 3 .038 .008 .005 .006 .013
have degeneracies for higher#,; than with threev mea-  2/3  24/3  .033 011 011 .015 .063

surements, one at a different(Tables Il and II).
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TABLE VI. A summary of detector scenarios discussed in this paper. The right-most column indicates the
best-casdi.e., lowest maximum value of sif26,, that we found for which a parameter degeneracy could
occur, assuming the parameters of ELj).

Max. sirf26;,

No. of No. of No. of No. of No. of without
detectors beams beamlines runs  measurements  degeneracy
2 at oneL 2 (v andv) 1 2 4 .002

2 at oneL 2 (v atE; andE,) 1 2 4 .004

4 at oneL 1(w) 1 1 4 .004

2 atL,, 1 atlL, 1(») 2 2 3 .001

1 at oneL 3 (v atE, andE,, ») 1 3 3 .005

latly, latl, 2 (yandv) or3(2vand 1v) 2 3 3 .004

two runs(two v beams with different on-axis energjasith required fewer runs. Most scenarios resolved parameter de-
a two-detector cluster, or in one r¢a singler beam with a  generacies the best at londe(1770 km or morg except for
four-detector cluster. It would have the advantage thatithe the scenario with a two-detector cluster at anend a single
cross section and flux would be larger than fordisadvan- ~ detector at anothek, which actually did better when the
tages include the fact that it is an indirect measurement o$econd distance was not as lofi¢90 km or lesp
CPV and it would have rates suppressed by matter effects at If 6,3~ x/4 (the value favored by atmospheric neutrino
longerL if 5m§1<0. experiments then thef,; ambiguity vanishes and the only
(iv) Two » measurements at oheand a third at anothdr  two cases to consider after three measurements are | and I
can be made so that parameter degeneracies only occur [@e sgngm3,) ambiguityl. We have also performed the de-
sin22013$ 0.001-0.003. Since there are three measurementgeneracy analyses for §B]923: 1, and found that all of the
the degeneracies occur along lines in thet5) plane. Such  relevant degeneracies are at least a factor of two lower in
a scenario could be implemented in two runs, with a two-sj?2¢,, than shown in Table VI for the shorter distances
deFector cIu_ster at one and a single detector at the otHer (L<1290 km), and in most cases lower than that for the
This scenario uses the matter effect at lonigéo help push  |onqer gistances. Therefore if it is known thag is close to

degeneracies to lowet,5, and, since it uses only beams, 7l4 (for example, from measurements at MINOS or

has similar advantages and disadvantageias - ICARUS), the parameter degeneracy problem is greatly re-
(v) Both av oscillation measurement andwaoscillation  4,ced.

measurement at orleand av measurement at anothlercan

be made so that parameter degeneracies occur along lines s with neutrinos onlynot antineutrinos Although it is
the (9,613 plane for sif26;;<0.005-0.010. Similar results possible to extract the neutrino mixing angles &W® phase

can be obtained for two separateneasurements and ome  from such measurements, the result relies on the three-

measurement at the sarhe These scenarios do not use anpeuytrino mixing assumption. A more robust determination of
detector cluster. CP violation which would not be as model dependent would
(vi) All of the examples we show assumémi,=5  include a measurement involving antineutrinos; then the
X107° eV? and sirf26,,=0.80. We found that the maxi- measurement of an asymmetry between neutrino and an-
mum 6,5 that may have parameter degeneracies varie@ineutrino oscillation probabilitiegafter correcting for the
strongly withém3,, and less so with sf26,, [see Eq(19)];  CP violation induced by matter effegtsvould be direct and
the corresponding values were unaffected. There was alsodefinitive.
a dependence o#m3,, but if SmZ, is known to 10% its The detector cluster scenarios are especially well suited
uncertainty does not greatly affect our degeneracy analysisfor detector designs that emphasize large, cheaply built de-
A summary of the requirements for the scenarios distectors. We note that the detectors in a cluster would not
cussed in Sec. IV is given in Table VI; also shown is thenecessarily have to be the same size; detectors at larger off-
best-casdi.e., lowest maximum value of sif26;5 that we  axis angles could be made larger to compensate for the re-
found for which a parameter degeneracy could occur, assunstuced flux off-axis.
ing the standard parameter set of EL4j7). Generally speak- We emphasize that our analysis only considered exact de-
ing, we found that measurements at more than bndid  generacies for monoenergetic beams. Experimental uncer-
better at resolving parameter degeneracies than if all medainties will expand the regions with degeneracies, especially
surements were done at a sindglpefor example, a thirdv at small sif26,5 (where probabilities and hence events rates
measurement at a differebtthan the first two measurements are lowej and at longelL (where beam fluxes fall off On
appears to be better than a third and a fourth at the 4ame the other hand, neutrino beams are not precisely monoener-
Also, scenarios with detector clusters resolved degeneracigetic, and energy spectrum information can help resolve the
as well as or better than those without a detector cluster, andegeneracies, even for relatively narrow spectrum beams

Some of the scenarios we discussed involve measure-
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